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We investigate the problem of distributing a given amount of heat among three systems under
the following conditions: The systems are able to exhibit negative Kelvin temperatures, and
heat equalization always fulfills a harmonic mixing rule 7=2T7T" - T@/(TM + T®), Just this
happens for spin systems in the high temperature approximation.

1. Introduction

The starting point of this paper is the concept
of an order structure (partial order) for (thermo-
dynamic) states of classical or quantum systems in
very general state spaces as introduced indepen-
dently by Ruch and Schonhofer [1] and Uhlmann
[2]: see also [3]. There are various indications that
this concept should allow a more detailed under-
standing of irreversibility. One of the more funda-
mental questions to be asked is: What states are
attainable at all, starting at a definite pure or mixed
initial state? This question was to a large extent
answered for heat exchange in ordinary systems
with positive Kelvin temperatures [4]. Here we treat
a more general case, viz. heat exchange in systems
which are able to exhibit negative Kelvin temper-
atures.

The most prominent systems of this type are spin
systems [5—7]. There exists a diversity of other
systems with negative temperatures, e.g. two-di-
mensional plasmas in the guiding-center approxi-
mation [8] and two-dimensional turbulent fluids [9]
showing a more or less complicated dependence of
the internal energy on the (negative) temperature.
Here we treat spin systems in a constant magnetic
field of field strength H,. One spin with the spin
quantum number S has the energy

(l:m:—;'flmHO,
m=S8,8-1,...,-S. (1)

The partition function for N independent spins yields
the internal energy (in equilibrium)

U=—-1/2NyhHy(gcothgx—cothx) (2)
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with ¢g=2S+1, x=yhHy/2kT. For the special
case S = 1/2 one gets

U(T)=— (NyhHg)/2-tanh (y i Hy/2k T) 3)

or in the so-called high-temperature approximation
(yhHy<kT)

U(T)~— N(yhHy/2)*kT. 4)

For nuclear spins this approximation is usually
valid down to very low temperatures [5—7, 10, 11].
The following treatment is applicable for all systems
with U(T) o 1/T.

2. The Problem

The present note applies and extends the method
and a previous result of one of the authors [4] on
equalizing processes to systems with negative ab-
solute temperatures. In [4] the question was an-
swered which distributions of heat among n macro-
scopic bodies with equal heat capacities (n = 3) —
depending, of course, on the initial distribution —
become attainable if heat is allowed to flow ex-
clusively from the hotter to the cooler body.

The sets of accessible states turned out to be non-
convex polyhedra in a state space conveniently
choosen. The mathematical idea lies in identifying
the temperature distributions with a probability
distribution p’ over n states (i=1,...,n) and ex-
pressing heat transfer by means of double stochastic
matrices. Doing this one soon meets with the rather
well investigated theory of majorization, see e.g.
[12,13].

(For earlier applications of this concept to de-
scribe irreversibility we mainly refer to [3, 14, 15].)
— Now we want to transfer the above mentioned
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result to more general states. Therefore we weaken
the conditions for the probabilities p’ by replacing
them by new quantities p’ (i=1,..., n) which are
allowed to be negative and fulfill

X =K, )

where K be finite with positive or negative value (or
value zero). Obviously the space of the sets p’ is a
convenient frame to handle systems with negative
temperatures. As already mentioned, the high tem-
perature approximation for spin systems provides
U o 1/T. Assuming, for reasons of simplicity, equal
heat capacities one immediately obtains a mixing
rule of the type

27O TR

T= m with T(l), T(z), T% 0. (6)
The reciprocal 1/T of the mixing temperature T
always lies between 1/T™" and 1/T®. This reflects
nothing more than the concavity of S(U): Since
entropy should increase by any equalization 1/7T has
to be “between” 1/T(" and 1/T?® (in the sense of
Figure 1!).

Furthermore, we like to mention that (6) is
experimentally checked, cf. [5, 10, 11].

Denoting the common heat capacity of the bodies
by C, then via C/T®=:C- B0 =:5" one directly
obtains elements of the state space .7,. For its
geometrical representation barycentric coordinates
[16] are used. In order to illustrate them the case
n =3 with K > 0is drawn in Figure 2.

One realizes that there is a one-to-one corre-
spondence between a per; and a point of the
plane. Only the signs of the 5 determine whether a
point lies inside or otuside the strongly framed

triangle.

3. The Result

Let us consider the following cases separately:
K>0,K=0,and K <0.

The Case K > 0:

We use the homogeneity of the barycentric co-
ordinates for the normalization K= 1. With C=1/3

this leads to 8 = 1, where 8 denotes the inverse tem-

Temperature Relaxation between Systems with Negative Kelvin Temperatures 557

S(u)

T=tos

T=+0 T=-0
Fig. 1. Entropy versus internal energy for a system with
both positive and negative temperatures.
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Fig. 2. The representation of /3 by means of barycentric
coordinates.
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Fig. 3. The case K > 0 with (V' > 0, 2 > 0, and & < 0.



558 Ch. Zylka and G. Vojta -

axis

CBm_

Vo 5 0
AT
AN
SR

axis

(2)
cB -
Fig. 4. The case K > 0 with g, g 53 > 0,
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Fig. 5. The case K = 0 with #) < 0, 2 > 0,and f® < 0
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perature of the maximally equalized state. (The
Boltzmann constant is now assumed to be 1.) The
property (7) ensures that the construction procedure
of [4] remains applicable and one obtains figures of
the following type, where the hatched areas mark the
set of the accessible states: Figures 3 and 4.

The Case K =0:

Here we have =0, and the triangle from Fig. 2
degenerates to a point. Therefore, not all the g%
can have the same sign. The Fig. 5 shows one of the
two possibilities.

The Case K < 0:

By formally substituting C — — C this case can
obviously be traced back to the first one.

We want to stress that by a suitable choice of the
initial state a non-trivial section of the set of
attainable states and the set of states characterized
by the same sign of temperature may appear. Due
to the non-convexity of the former set this section
should have an interesting shape in general.

Finally we remark that neither the consideration
of more than three systems involved nor different
heat capacities will lead to principal difficulties, see
[17,18].
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